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We consider a general model of a heterogeneous polymer chain 
fluctuating in the proximity of an interface between two selective sol- 
vents. The heterogeneous character of the model comes from the fact 
that the monomer units interact with the solvents and with the inter- 
face according to some charges that they carry. The charges repeat 
themselves along the chain in a periodic fashion. The main question 
concerning this model is whether the polymer remains tightly close 
to the interface, a phenomenon called localization, or whether there 
is a marked preference for one of the two solvents, thus yielding a 
derealization phenomenon. 

In this paper, we present an approach that yields sharp estimates 
for the partition function of the model in all regimes (localized, delo- 
calized and critical). This, in turn, makes possible a precise pathwise 
description of the polymer measure, obtaining the full scaling limits 
of the model. A key point is the closeness of the polymer measure to 
suitable Markov renewal processes, Markov renewal theory being one 
of the central mathematical tools of our analysis. 



1. Introduction and main results. 

1.1. Two motivating models. Let S := {»S' n } n= o,i,... be a random walk, 
So = and S n = 2~Zj=i Xj, with i.i.d. symmetric increments taking values in 
{ — 1,0, +1}. Hence the law of the walk is identified by p := P(Xi = 1) = 
P(-X"i = —1) and we assume that p G (0,1/2). The case p = 1/2 can be 
treated in an analogous way, but requires some notational care because of the 
periodicity of the walk. We also consider a sequence uj := {<-<-Vi}neN={i,2,...} 
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of real numbers with the property that u n = oj n +T for some TgN and for 
every n, denoting by T(lj) the minimal value of T. 

Consider the following two families of modifications of the law of the walk, 
both indexed by a parameter N £ N: 



Pinning and wetting models. For A > 0, consider the probability measure 
P N,u) defined by 

(!•!) dPjv^ ^ exp ^ A ^ ^ TO i {5n=Q} ^ , 

The walk receives a pinning reward, which may be negative or positive, each 
time it visits the origin. By considering the directed walk viewpoint, that is, 
{(n, S n )} n , one may interpret this model in terms of a directed linear chain 
receiving an energetic contribution when it touches an interface. The main 
question is whether for large N the typical paths of P jv,oj are attracted or 
repelled by the interface. 

There is an extensive literature on periodic pinning and wetting models, 
the majority of which is restricted to the T = 2 case, for example, [13, 25]; 
see [15] for further discussion and references. 



Copolymer near a selective interface. In much the same way, we intro- 
duce 

(1.2) ~dp^ oc exp ( A ^ u; ra sign(S n ) j , 

\ n=l / 

where if S n = 0, we set sign(5 n ) := sign(S' n _i)l{5 n _ 17 ^o}- This convention 
for defining sign(0), to be kept throughout the paper, simply means that 
sign(5 n ) = +1,0,-1 according to whether the bond joining S n -\ and S n 
lies above, on or below the x-axis. 

Also in this case, we take a directed walk viewpoint and Pnu then may 
be interpreted as a polymeric chain in which the monomer units, the bonds 
of the walk, are charged. An interface, the x-axis, separates two solvents, say 
oil above and water below. Positively charged monomers are hydrophobic 
and negatively charged ones are instead hydrophilic. In this case, one expects 
competition between three possible scenarios: polymer preferring water, pre- 
ferring oil or undecided between the two and choosing to fluctuate in the 
proximity of the interface. 

We select [23, 27] from the physical literature on periodic copolymers, 
keeping in mind, however, plays that periodic copolymer modeling plays a 
central role in applied chemistry and material science. 
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1.2. A general model. We point out that the models presented in Section 
1.1 are particular examples of the polymer measure with Hamiltonian 

N N 

K N (S)=J2 E^ }l {si g n(5„)=i} + E4 0) l { 5„=0} 
i=±l n=l 7i=l 

(1.3) 

TV 
n=l 

where and are periodic sequences of real numbers. Observe 

that by our convention on sign(O), the last term provides an energetic contri- 
bution (of pinning/depinning type) to the bonds lying on the interface. We 
use the shorthand uj for the four periodic sequences appearing in (1.3) and 
will use T = T(oS) to denote the smallest common period of the sequences. 
We will refer to uj as to the charges of our system. 

Besides being a natural model, generalizing and interpolating between 
pinning and copolymer models, the general model we consider is one which 
has been considered on several occasions (see, e.g., [28] and references therein). 

Starting from the Hamiltonian (1.3), for a = c {constrained) or a = f 
{free), we introduce the polymer measure P^r w on Z N , defined by 

h A\ dP /V, ^ _ expCH^ff)) 



where := E[exp(W7v)(l{ a= f} + l{ a=c }l{s JV =o})] is the partition function, 
that is, the normalization constant. Observe that the polymer measure P 1 ^ 

is invariant under the joint transformation S — > —S, hence, 
by symmetry, we may (and will) assume that 

T(w) 

(1-5) K ■■= ^ y E (4° - 4°) > o- 

^ ' n=l 

We also set § := Z/(TZ) and for /3 G S, we equivalently write [n] = (3 or n S /3. 
Notice that the charges u; n are functions of [n], so that we can write := 

UJ n . 

1.3. T/ie /ree energy viewpoint. The standard statistical mechanics ap- 
proach naturally leads to a consideration of the free energy of the model, 
that is, the limit as N — > oo of (l/jV^ogZjy^. It is, however, practical to 
observe that we can add to the Hamiltonian Ti^ a term which is constant 
with respect to S without changing the polymer measure. Namely, if we set 

N 

H' N {S) :=H N {S)-Y,^ n +1 \ 

n=l 
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which amounts to sending -> 0, u;^ - (J^ - J^) and £#> - 

(cD^ — a;i +1 ^), then we can write 

I 1 - 6 ) jp \ b ) ~ ™ (l{a=f} + l{a=c} 1{S^=0} )> 

where Zfj is a new partition function given by 

~ y^JV (+1) 

(1.7) ^ = E[exp(^)(l {a=f} + l {a=c} l {Sjv=0} )] = Z^. e -^ =1 ^ . 
At this point, we define the free energy: 

(1.8) ¥ u := lim — logZ^r 

N— >oo iv 

A proof of the existence of such a limit involves standard superadditive 
arguments, as well as the fact that the superscript c could be changed to f 
without changing the result (see, e.g., [15], but a complete proof, without 
the use of super-additivity, is given below). 

The principle that the free energy contains the crucial information on the 
large N behavior of the system is certainly not violated in this context. In 
order to clarify this point, let us first observe that F w > for every u. This 
follows by observing that the energetic contribution to the trajectories that 
stay positive and come back to zero for the first time at epoch N is just 
u>P, hence, by (1.7), 

1 J 0) 1 

-logZ^ > -J^+ l O gP(S n >0,n = l,...,iV- 1,S N = 0) 

(1.9) 

N^o o 
> U, 

where we have simply used the fact that the distribution of the first return 
to zero of S is sub exponential [see (2.2) for a much sharper estimate]. This 
suggests a natural dichotomy and, inspired by (1.9), we give the following 
definition. 

Definition 1.1. The polymer chain defined by (1.4) is said to be 

• localized if > 0; 

• delocalized if F w = 0. 

A priori, one is certainly not totally convinced by such a definition. Local- 
ization, as well as derealization, should be given in terms of path properties 
of the process: it is quite clear that the energy 7i' N (S) of trajectories S which 
do not come back very often (i.e., not in a positively recurrent fashion) to 
the interface will either be negative or o(N), but this is far from being a 
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convincing statement of localization. An analogous observation can be made 
for delocalized polymer chains. 

Nonetheless, with a few exceptions, much of the literature focuses on free 
energy estimates. For example, in [5], one can find the analysis of the free 
energy of a subset of the class of models we are considering here, and in 
Section 1.7 of the same work, it is argued that some (weak) path statements 
of localization and derealization can be extracted from the free energy. We 
will return to a review of the existing literature after we have stated our 
main results, but at this point, we anticipate that our program is going well 
beyond free energy estimates. 

One of the main results in [5] is a formula for F^, obtained via large de- 
viations arguments. We will not give the precise expression now (the reader 
can find it in Section 3.2 below), but we point out that this formula is proved 
here using arguments that are more elementary and, at the same time, these 
arguments yield much stronger estimates. More precisely, there exists a pos- 
itive parameter 6 W , given explicitly and analyzed in detail in Section 2.1, 
that determines the precise asymptotic behavior of the partition function 
(the link between 5 W and F w will be immediately after the statement). 

Theorem 1.2 (Sharp asymptotic estimates). Fix rj G 8 and consider the 
asymptotic behavior of Z^^ as N — > oo along [N] = rj. Then: 

(1) if6»<l thenZ^-C^/N^; 

(2) ifff» = l thenZ c N ^~C= n /NV 2 ; 

(3) if 5" > 1 then F w > and Z C N ^ ~ C^exp^iV), 

where the quantities ¥ u , C> v , C£f _ and C<J„ are given explicitly in Section 3. 

Of course, by a^ ~ we mean ajy/bN — ► 1- We note that Theorem 1.2 
implies the existence of the limit in (1.8) and that F w = exactly when 
5^ < 1, but we stress that in our arguments, we do not rely on (1.8) to 
define F w . We also point out that analogous asymptotic estimates can be 
obtained for the free partition function; see Proposition 3.2. 

It is rather natural to think that from such precise estimates one can 
extract detailed information on the limit behaviors of the system. This is 
correct. Notably, we can consider: 

(1) infinite volume limits, that is, weak limits of P^r^ as a measure on ]R N ; 

(2) scaling limits, that is, limits in law of the process S, suitably rescaled, 
under 

Here, we will focus only on (2); the case (1) is considered in [7]. 

A word of explanation is in order concerning the fact that there appear 
to be two types of delocalized polymer chains: those with 5 U = 1 and those 
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with 5^ < 1. As we will see, these two cases exhibit substantially different 
path behavior (even if both display distinctive features of delocalized paths, 
notably a vanishing density of visits at the interface). As will be made clear, 
in the case 5 W < 1 , the system is strictly delocalized in the sense that a small 
perturbation in the charges leaves 5^ < 1 (as a matter of fact, for charges 
of a fixed period, the mapping is continuous), while 5^ is rather a 

borderline, or critical, case. 

1.4. The scaling limits. The main results of this paper concern the dif- 
fusive resettling of the polymer measure More precisely, let us define 
the map X N :R N ■-> C([0, 1]): 

where |_'J denotes the integer part of • and a 2 := 1p is the variance of X\ 
under the original random walk measure P. Notice that X^(x) is nothing 
but the linear interpolation of {x^ Nt j / {<jV~N)}te(NN)r\[o,i\ • For a = f , c we set 

Q a N^--=n,.o(x N r\ 

Then Q a N u is a measure on C([0,1]), the space of continuous real- valued 
functions defined on the interval [0, 1], and we want to study the behavior 
as N — > oo of this sequence of measures. 

We start by fixing notation for the following standard processes: 

• the Brownian motion {-B T }re[o,i] ! 

• the Brownian bridge {f3 T } T e[o,i] between and 0; 

• the Brownian motion conditioned to stay nonnegative on [0, 1] or, more 
precisely, the Brownian meander {^t} t g[o,i] ( ci> - [26]) and its modification 

by a random flip {raf''} Te [o i i], defined as = am, where P(<7 = 1) = 
1 — P(o" = — 1) =p € [0, 1] and (m,a) are independent; 

• the Brownian bridge conditioned to stay nonnegative on [0, 1] or, more 
precisely, the normalized Brownian excursion {ei-jv^o,].], a l so known as 
the Bessel bridge of dimension 3 between and 0; see [26]. For p E [0, 1], 

6 [o,i] is the flipped excursion defined in analogy with m^ p >; 

• the skew Brownian motion {-Br P ^} T e[o,i] an d the skew Brownian bridge 

{/3r P ^} re [o,i] of parameter p (cf. [26]) the definitions of which are recalled 
in Remark 1.5 below. 

We introduce a final process, labeled by two parameters p, q S [0, 1]: con- 
sider a random variable U t— > [0, 1] with the arcsine law ¥(U < t) = — arcsin \ft 
and processes , nv- q ' as defined above, with (U, (3^ ,m^) an independent 
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triple. We then denote by {-B-r^lrefo,].] the process defined by 

, , (VUf3 ip L, if t<U, 

(1.10) Bp'** := { T/U m 

\VT^Um^_ umi _ u} , i£r>U. 

We then have the following theorem, which is the main result of this paper 
(see Figure 1). 

Theorem 1.3 (Scaling limits). For every i)6§, if N — > oo along [N] = rj, 
then the sequence of measures {Q% u } on C([0, 1]) converges weakly. More 
precisely: 

(1) for 5 U <1 (strictly delocalized regime), Q C N u converges to the law 

of e^"-'^ and Q { N converges to the law of m^ w ^ for some parameters 
p^G [0,1], o = f,c; 

(2) for 8 W = 1 (critical regime), Q C N converges to the law of /3^ p "- > and 

Q%uj converges to the law of B^'^-^ for some parameters p^q^ G [0,1]; 

(3) for 5^ > 1 (localized regime), converges, as N — > oo, to the mea- 
sure concentrated on the constant function taking the value zero ( no need of 
the restriction [N] =rj). 

The exact values of the parameters p£, „, p^ and are given in (5.5), 
(5.7), (5.17) and (5.19). See also Remarks 5.3, 5.4, 5.7 and 5.8. 

Remark 1.4. It is natural to wonder why the results for 5 U < 1 may 
depend on [N] G S. First, we stress that only in very particular cases is there 
effectively a dependence on r] and we characterize these instances precisely; 
see Section 2.3. In particular, there is no dependence on [N] for the two 
motivating models (pinning and copolymer) described in Section 1.1 and, 
more generally, if h w > 0. However, this dependence on the boundary con- 
dition phenomenon is not a pathology, but rather a sign of the presence of 
first-order phase transitions in this class of models. Nonetheless, the phe- 
nomenon is somewhat surprising since the model is one-dimensional. This 
issue, which is naturally clarified when dealing with the infinite volume limit 
of the model, is treated in [7]. 

Remark 1.5 (Skew Brownian motion). We recall that B^ (resp. (3^) 
is a process such that \B^\ = \B\ (resp. |/3^| = \/3\) in distribution, but in 
which the sign of each excursion is chosen to be +1 (resp. —1) with probabil- 
ity p (resp. 1—p) instead of 1/2. Observe that for p= 1, we have B^ = \B\, 
= m, W = 777 and e*- 1 -* = e in distribution. Moreover, B^ 1 / 2 ^ = B and 
fji 1 / 2 ) = p in distribution. Notice also that the process B^ p ' q ^ differs from 
the p-skew Brownian motion B&> only for the last excursion in [0, 1], whose 
sign is +1 with probability q instead of p. 
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Fig. 1. schematic view of the scaling limits for the constrained endpoint case. While in 
the localized regime (top image), on a large scale, the polymer cannot be distinguished from 
the interface, in the strictly delocalized regime (bottom image) the visits to the interface 
are few and are all close to the endpoints (the sign of the excursion is obtained by flipping 
one biased coin). In between, there is the critical case: the zeros of the limiting process 
coincide with the zeros of a Brownian bridge, as found for the homogeneous wetting case 
[6, 9, 17], but this time, the signs of the excursions vary and they are chosen by flipping 
independent biased coin. Of course, this suggests that the trajectories in the localized case 
should be analyzed without rescaling (this is done in [7]). 

1.5. Motivations and a survey of the literature. Prom an applied view- 
point, the interest in periodic models of the type we consider appears to be 
at least twofold: 

(1) On one hand, periodic models are often (e.g., [13, 23]) motivated as 
caricatures of the quenched disordered models, like those in which the 
charges are a typical realization of a sequence of independent random 
variables (e.g., [1, 4, 15, 28] and references therein). In this respect, pe- 
riodic models may be viewed as weakly inhomogeneous, and the approx- 
imation of strongly inhomogeneous quenched models by periodic ones, 
in the limit of large period, gives rise to very interesting and challeng- 
ing questions. We believe that if the precise description of the periodic 
case that we have obtained in this work highlights the limitations of pe- 
riodic modeling for strongly inhomogeneous systems (cf., in particular, 
the anomalous decay of quenched partition functions along subsequences 
pointed out in [16], Section 4 and our Theorem 1.2), it is at the same 
time an essential step toward understanding the large period limit, and 
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the method we use in this paper may allow a generalization that yields 
information on this limit. 
(2) On the other hand, as mentioned above, periodic models are absolutely 
natural and of direct relevance in applications, for example, when dealing 
with molecularly engineered polymers; [24, 27] provide a sample of the 
theoretical physics literature, but the applied literature is extremely 
vast. 

From a mathematical standpoint, our work may be viewed as a further 
step in the direction of: 

(a) extending to the periodic setting precise path estimates obtained for 
homogeneous models; 

(b) clarifying the link between the free energy characterization and the path 
characterization of the different regimes. 

With reference to (a) , we point out the novelty with respect to the work on 
homogeneous models [6, 9, 17, 23]. Although the basic role of renewal theory 
techniques in obtaining the crucial estimates has already been emphasized 
in [6, 9], we stress that the underlying key renewal processes that appear in 
our inhomogeneous context are not standard renewals, but rather Markov 
renewal processes (cf. [2]). Understanding the algebraic structure leading to 
this type of renewal is one of the central points of our work; see Section 3.1. 

We also point out that the Markov renewal processes appearing in the 
critical regime have step distributions with infinite mean. Even for ordinary 
renewal process, the exact asymptotic behavior of the Green function in the 
infinite mean case has been a long-standing problem (cf. [14] and [20]) solved 
only recently by Doney in [10]. The extension of this result to the framework 
of Markov renewal theory (that we consider here in the case of a finite- 
state modulating chain) presents some additional problems (see Remark 3.1 
and Appendix A) and, to our knowledge, has not been considered in the 
literature. In Section 5, we also give an extension to our Markov renewal 
setting of the beautiful theory of convergence of regenerative sets developed 
in [12]. 

A final observation is that, as in [6], the estimates we obtain here are 
really sharp in all regimes and our method goes well beyond the case of 
random walks with jumps ±1 and 0, to which we restrict our attention for 
the sake of conciseness. 

With reference to (b), we point out that in the models we consider, there 
is a variety of delocalized path behaviors which are not captured by the free 
energy. This is suggestive also in view of progressing in the understanding 
of the delocalized phase in the quenched models [16]. 
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1.6. Outline of the paper. The remainder of the paper is organized as 
follows. 

• In Section 2, we define the basic parameter 5 U and analyze the dependence 
of our results on the boundary condition [N] = rj. 

• In Section 3, we clarify the connection with Markov renewal theory and 
obtain the asymptotic behavior of Zf^ and Zj^^, proving Theorem 1.2. 

• In Section 4, we present a basic splitting of the polymer measure into 
zero level set and excursions and discuss the importance of the partition 
function. 

• In Section 5, we compute the scaling limits of PJv^, proving Theorem 1.3. 

• Finally, the appendices contain the proofs of some technical results. 



2. A closer look at the main results. 



2.1. The order parameter 5 U . A remarkable feature of our results (see 
Theorem 1.2 and Theorem 1.3) is the fact that the properties of the poly- 
mer measure are essentially encoded in a single parameter S u that can be 
regarded as the order parameter of our models. This subsection is devoted 
to defining this parameter, but we first need some preliminary notation. 

We start with the law of the first return to zero of the original walk: 

(2.1) 71 :=inf{n>0:S" n = 0}, K (n) := P (n = n) . 
It is a classical result [11], Chapter XII. 7 that 

(2.2) 3 lim n 3/2 K(n) =: c K E (0, oo). 

n-^oo 

The key observation is that by the T-periodicity of the charges uj and by 
the definition (1.5) of h u , we can define an 8 x § matrix S Q ( g by means of 
the following relation: 

(2.3) (4~ 1) -4 +1) ) = -K-n 1 )^ + S [ni]jM . 
n=m+l 

We have thus decomposed the above sum into a drift term and a fluctuating 
term, where the latter has the remarkable property of depending on n\ 
and n-2 only through their equivalence classes [ni] and [712] in S. We can now 
define three basic objects: 



for a,/9 S § and i E N, we set 



(2.4) WJt) :-- 



,,(°) + (n {0) 
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(0) 



+ log[i(l + exp(-£h u + S Qj/3 ))], 



X£>l,£eP-a, 
, 0, otherwise; 
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• for x G N, we introduce the § x § matrix M£ q(x) defined by 

(2.5) M^(x) :=e*«^ ( %(i)l (ieH ; 

• summing the entries of over x, we obtain an S x S matrix that we 
call B w : 

(2-6) BS>:=EW 

The meaning of these quantities will become clear in the next subsection. 
For now we stress that they are explicit functions of the charges uj and of 
the law of the underlying random walk (to ease notation, the w-dependence 
of these quantities will often be dropped). 

Observe that B a ^ is a finite-dimensional matrix with positive entries, 
hence the Perron-Frobenius theorem (see, e.g., [2]) implies that B a ^ has 
a unique real positive eigenvalue (called the Perron-Frobenius eigenvalue) 
with the property that it is a simple root of the characteristic polynomial 
and that it coincides with the spectral radius of the matrix. This is exactly 
our order parameter: 

(2.7) 5 W := Perron-Frobenius eigenvalue of B u . 

2.2. A random walk excursions viewpoint. In this subsection, we are go- 
ing to see that the quantities defined in (2.4) and (2.5) emerge in a natural 
way from the algebraic structure of the constrained partition function Z^ . 
Let us reconsider our Hamiltonian (1.3): its specificity is due to the fact that 
it can be decomposed in an efficient way by considering the return times to 
the origin of S. More precisely, we define 

r = 0, Tj+i = inf{n > tj : S n = 0} 

for j £ N and we set ln = sup{/c : < N}. We also set Tj = Tj — Tj_i and of 
course {2}-}j=i,2,... is, under P, an i.i.d. sequence. By conditioning on r and 
integrating on the up-down symmetry of the random walk excursions, one 
easily obtains the following expression for the constrained partition function: 



Z N,u> ~ E 



(2i 



■J'=l 



N 



k=l t ,-,tfc6N 3=1 
0=:t «i<-« fe :=Af 

where we have used the quantities introduced in (2.4) and (2.5). This formula 
shows in particular that the partition function Z C N is a function of the 
entries of M w . 
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We stress that the algebraic form of (2.8) is of crucial importance. It will 
be analyzed in detail and exploited in Section 3 and will be the key to the 
proof of Theorem 1.2. 

2.3. The regime In this subsection, we look more closely at the 

dependence of our main result (Theorem 1.3) on the boundary condition 
[N] =rj. It is convenient to introduce the subset V of charges defined by 

(2.9) V:={oj:5 UJ <l,h w = 0,3a,p: £ Qj/3 + 0}, 

where we recall that h w and £ a/ g have been defined respectively in (1.5) 
and (2.3). 

The basic observation is that if u ^ V, the constants p^ )J? , pL,?j> P^ an d 
actually have no dependence on n and all take the same value, namely 
1 if h w > and 1/2 if = (see Remarks 5.3, 5.4, 5.7 and 5.8). The results 
in Theorem 1.3 for 5^ < 1 may then be strengthened in the following way: 

Proposition 2.1. Ifuj^V, then the sequence of measures {Q% on 
C([0, 1]) converges weakly as N — > oo. In particular, setting p w := 1 ifh^yO 
and p w := \ if h u = 0: 

(1) for 5 W < 1 (strictly delocalized regime), Q^ N converges to the law of 
m( pt ") and Q c NuJ converges to the law of ■ 

(2) for 5^ = 1 (critical regime), Q f N w converges to the law of B^ u > and 
Q%} w converges to the law of (3^^. 

This stronger form of the scaling limits holds, in particular, for the two 
motivating models of Section 1.1, the pinning and the copolymer models, 
for which uj never belongs to V . This is clear for the pinning case, where, 
by definition, E = 0, while the copolymer model with h u = always has 
5^ > 1, as we will prove in Appendix B. However, we stress that there do 
exist charges u> (necessarily belonging to V) for which there is indeed a 
dependence on [N] = r\ in the delocalized and critical scaling limits. This 
interesting phenomenon may be understood in statistical mechanics terms 
and is analyzed in detail in [7]. 

3. Sharp asymptotic behavior for the partition function. In this section, 
we are going to derive the precise asymptotic behavior of Z C N w and Z { N uJ , 
in particular, proving Theorem 1.2. The key observation is that the study 
of the partition function for the models we are considering can be seen as 
part of the framework of the theory of Markov renewal processes; see [2], 
Chapter VII.4. 
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3.1. A link with Markov renewal theory. The starting point of our analy- 
sis is equation (2.8). Let us call a function NxSx§9 {x, a, (3) i— > F a ^(x) > 
a kernel. For fixed x G N, F. t .(x) is an § x S matrix with nonnegative entries. 
Given two kernels F and G, we define their convolution F * G as the kernel 
defined by 

(3.1) (F*G) a}P (x):=J2J2 F o'M G jd x -y) = J2l F (y)-G(x-y)] a7 p, 

where • denotes matrix product. Then, since, by construction, M a ^(x) = 
if [x] 7^ j3 — a, we can write (2.8) in the following way: 

N 

Z C N,» = E E I M (*i) ■■■■■M(N- t k ^)] m] 

k=l ti,...,t fe GN 
0<*i<-<t fe :=iV 

OO 

= J2[M*% UN] (N), 
k=i 

where F* n denotes the n-fold convolution of a kernel F with itself (the 
n = case is, by definition, [F*°] a> p(x) := 1 (/?=<*) l(a;=o))- I n view of (3.2), we 
introduce the kernel 

oo 

(3.3) Z a>/3 (n):=J2iM* k ]aAn) 

k=l 

so that = Z mN] (N) and, more generally, Z c N _ k0kU1 = Z [k]t[N] (N - k), 
k < N, where we have introduced the shift operator for k G N, 

fc :R s ,-R s , (e k ()p:=( [k]+l3 , G S. 

Our goal is to determine the asymptotic behavior as ./V —> oo of the kernel 
Z a p{N) and hence of the partition function w - To this end, we introduce 
an important transformation of the kernel M that exploits the algebraic 
structure of (3.3): we suppose that 8? > 1 (the case 5 W < 1 requires a different 
procedure) and set for b > (cf. [2], Theorem 4.6) 

A b a>p {x) :=M a3 (x)e- bx . 

Let us denote by A (b) the Perron-Frobenius eigenvalue of the matrix 
^Z x A b a g(x). As the entries of this matrix are analytic and nonincreasing 
functions of 6, A (6) is analytic and nonincreasing too, hence strictly decreas- 
ing, because A(0) = 5^ > 1 and A(oo) = 0. Therefore, there exists a single 
value F w > such that A(f uj ) = 1 and we denote by {( a }a, {Cq}« the Perron- 
Frobenius left and right eigenvectors of J2 X ^«'^( :r )' chosen to have (strictly) 
positive components and normalized in such a way that J2 a CaCa = 1 (the 
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remaining degree of freedom in the normalization is immaterial). We then 
set 

(3.4) r a) f,(x):=M a)f ,(x)e- F » x & 
and observe that we can rewrite (3.2) as 

(3.5) Z a a(n) = exp(Fa,n)-^J7 a fl(n) where U a p(n) := y2[F* k ] a ,p(n). 

& k=i 

The kernel U a p(n) has a basic probabilistic interpretation that we now 
describe. Notice first that by construction, we have J2p, x ^a,p{x) = 1, that 
is, T is a semi- Markov kernel (cf. [2]). We can then define a Markov chain 
{(J k ,T k )} onSxNby 

(3.6) F[(J k+1 ,T k+1 ) = {(3,x)\(J k ,T k ) = (a,y)} = F a> p(x) 

and we denote by P Q the law of {(J k ,T k )} with starting point Jq = a (the 
value of To plays no role). The probabilistic meaning of U a p(x) is then given 
by 

oo 

(3.7) U atfj (n) = F «( T i + --- + T k = n,J k = P). 

k=l 

We point out that the process {r k } k >o defined by to := and T k := Ti + • • • + 
T k under the law F a is what is called a (discrete) Markov renewal process (cf. 
[2]). This provides a generalization of classical renewal processes since the 
increments {T k } are not i.i.d. but rather are governed by the process {J k } 
in the way prescribed by (3.6). The process {J k } is called the modulating 
chain and it is indeed a genuine Markov chain on S, with transition kernel 
SxgN r a ,p(x), while in general, the process {T k } is not a Markov chain. One 
can view r = {r n } as a (random) subset of N. More generally, it is convenient 
to introduce the subset 

(3.8) r^:= (J {r fc }, (3 € S, 

k>0:J k =P 

so that equation (3.7) can be rewritten as 

(3.9) ^W=P«(neT"). 

This shows that the kernel U a; p(n) is really an extension of the Green func- 
tion of a classical renewal process. In analogy with the classical case, the 
asymptotic behavior of U a p(n) is sharply linked to the asymptotic behavior 
of the kernel T, that is, of M. To this end, we notice that our setting is a 
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heavy-tailed one. More precisely, for every a, /3 G §, by (2.2), (2.5) and (2.4), 
we have 

lim x 3/2 M a0 (x) 

x—>oo 
[x]=f3-a 

(3-10) 

c K \{l + exp(£ Qi/3 ))exp(u^ 0) ), if ^ = 0, 



L 



' ck |exp(o;^ - ) ), if ^ > 0. 

The rest of this section is devoted to determining the asymptotic behavior 
of U a fi(n) and hence of Z a ^(n), in particular, proving Theorem 1.2. For 
convenience, we consider the three regimes separately. 

3.2. The localized regime (S u > 1). If <5 W > 1 then necessarily F w > 0. 
Notice that J2x^a,p( x ) > 0, so that in particular the modulating chain {</&} 
is irreducible. The unique invariant measure {foja i s easily seen to be equal 

to {CaCa}a- 

Let us compute the mean fi of the semi-Markov kernel V: 

_dA 



G (0,oo) 

b=F ul 



(for the last equality, see, e.g., [5], Lemma 2.1). We can then apply the 
Markov renewal theorem (cf. [2], Theorem VII. 4. 3) which in our periodic 
setting gives 

(3.11) 3 lim U a0 (x)=T^-. 

[x]=f3—a 

By (3.5), we then obtain the desired asymptotic behavior: 

T 

(3.12) Z a0 (x)^^ a C3—exp(F u x), x-KX,[x]=f3-a, 

and for a = [0] and [3 = rj, we have proven part (3) of Theorem 1.2, with 

3.3. The critical case {5^ = 1). In this case, F^, = and equation (3.4) 
reduces to 

(3.13) r ajP (x)=M a>0 (x)^-. 

The random set t@ introduced in (3.8) can be written as the union = 
Ufe>o{ T fc }> where the points {r^}k>o are taken in increasing order, and we 
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set T k := r^ +1 — r k for k > 0. Notice that the increments {T k } correspond 
to sums of the variables {Tj} between the visits of the chain {</&} to the 
state (3: for instance, we have 

lf = T K + 1 + --- + T i , 

K := inf{k >0:J k =(3}J-= ini{k >n:J k = (3}. 

Equation (3.6) then yields that {Tz}k>Q ls an independent sequence un- 
der P a and that for k > 1, the variables T k have the same distribution 
qP(n) := ¥ a (T^ = n) that does not depend on a. In general, the variable Tq 
has a different law, q( a >$(n) := P q (Tq 3 = n). 

These considerations yield the following crucial observation: for fixed a, 
and /3, the process {t^ }fc>o under F a is a (delayed) classical renewal process, 
with typical step distribution q^(-) and initial step distribution q( a]/3 \-). By 
(3.9), U a n{n) is nothing but the Green function (or renewal mass function) 
of this process; more explicitly, we can write 



oo 



(3.14) U at p{x)=[qte®*Y t {<P) m ){*)- 

\ n=0 / 

Of course, q^ a '<^ plays no role in the asymptotic behavior of U a g(x). The key 
point is rather the precise asymptotic behavior of q^{x) as x — > oo, i£ [0], 
which is given by 

(3.15) qP(x) ~ where cp := —— ^ ( a L a ,^ > 0, 

x s/3?/3 

as is proved in detail in Appendix A. The asymptotic behavior of (3.14) then 
follows by a result of Doney (cf. [10], Theorem B): 

T 2 1 

(3.16) U Q p(x)~- y=, x^oo,[x]=P-a 

ZTTCfi \JX 

(the factor T 2 is due to our periodic setting). Combining equations (3.5), 
(3.15) and (3.16), we finally get the asymptotic behavior of Z a ${x): 

(3.17) Z a ^(x)^^-— — L x^oo,[x]=P-a. 

Taking a = [0] and (3 = r], we have the proof of part (2) of Theorem 1.2. 

Remark 3.1. We point out that formula (3.15) is quite nontrivial. First, 
the asymptotic behavior x~ 3 / 2 of the law of the variables is the same as 
that of the Tj, although is the sum of a random number of the nonin- 
dependent variables (Tj). Second, the computation of the prefactor eg is by 
no means an obvious task (we stress that the precise value of eg is crucial 
in the proof of Proposition 5.5 below). 
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3.4. The strictly delocalized case (5^ < 1). We prove that the asymptotic 
behavior of Z a n{x) when 5 U < 1 is given by 

1 



Z a , p {x)^{[(l-B)- 1 L{l-B)- 1 ] afi )- 



3/2 ' 



(3.18) 

x — > oo, [x] = P — a, 

where the matrices L and B have been defined in (3.10) and (2.6). In par- 
ticular, taking a = [0] and f3 = r), (3.18) proves part (1) of Theorem 1.2 
with 

C<„:= [{l-B)- l L(l-B)-% )ri . 
To start with, it is easily checked by induction that for every n 6 N, 
(3-19) J2i M * n U(x) = lB n U- 

Next, we claim that, by (3.10), for every a,/3 £ §, 

(3.20) 3 Jim x^[M* k U{x) = ■ L ■ B^-\ p . 

[x]=0-a i=0 

We proceed by induction on k. The k = 1 case is just equation (3.10) and 
we have that 

x/2 

M< n+l \x) = Y^( M (y) ■ M* n (x -y) + M(x - y) ■ M* n {y)) 

y=l 

(strictly speaking this formula is true only when x is even, however the odd x 
case is analogous). By the induction hypothesis, equation (3.20) holds for 
every k < n and, in particular, this implies that {x 3 ^ 2 [M* k ] a ^(x)} x ^ is 
a bounded sequence. Therefore, we can apply the dominated convergence 
theorem and using (3.19), we get 

3 lim x z ' 2 \M< n+1 \ Jx) 

[x]=P-a 

= E ( B <*,i EV ■ L ■ B^-% )P + L atJ [B*% tP ) 
7 V «=o / 

n 

= £[B* -L-B n -% t p. 

i=0 

Our purpose is to apply the asymptotic result (3.20) to the terms of (3.5) 
and we need a bound to apply the dominated convergence theorem. We are 
going to show that 

(3.21) x 3 / 2 [M* k ] a ^x)<Ck 3 [BXp 
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for some positive constant C and for all a, (5 € § and x,k 6 N. We again 
proceed by induction: for the k = 1 case, thanks to (3.10), it is possible to 
find C such that (3.21) holds (this fixes C once and for all). Now, assuming 
that (3.21) holds for all k < n, we show that it also does for k = n (we 
suppose, for simplicity, that n = 2m is even, the odd n case being analogous). 
We then have (also assuming that x is even, for simplicity) 

x 3/2 [M *2m ]aAx) 
x/2 

= 2 Y / T,[ M * m U,(y)^ /2 [M* m ],A^ - y) 

x/2 

< 2 • 2 3 / 2 Cm 3 J2 Y,i M * m Ui(y)lB m hp < C{2mf[B 2m ] a ^ 

2/=l7G§ 

where we have applied (3.19), and (3.21) is proved. 

The r.h.s. of (3.21) is summable in k because the matrix B has spectral 
radius 8^ < 1. We can thus apply the dominated convergence theorem to 
(3.5) using (3.20) and we obtain (3.18) by 

oo fe— 1 

Jim x^Z a ^{x) = £ • L ■ Bik ^U 

[x]=0-a k=1 i=0 

= l(i-Br 1 -L-(i-By 1 u. 

This concludes the proof of Theorem 1.3. 

3.5. The free partition function. We now want to compute the asymp- 
totic behavior of the free partition function. In particular, we have the fol- 
lowing: 

Proposition 3.2 (Sharp asymptotic estimates, free case). As N — ► oo, 
[N] =i], we have: 

(1) for 5^ < 1 (strictly delocalized regime), Z l N u ~ C^/N 1 / 2 ; 

(2) for 5 W = 1 (critical regime), Z { N ^ ~ C=f q ; 

(3) for 5 W > 1 (localized regime), Z f N w ~ C^^exp(F UJ N), 

where C>£, C^fi. and C=>* are explicit positive constants, depending on u 
and 7]. 

Proof. Conditioning on the last zero of S before epoch N, we have the 
useful formula 

N 

(3.22) Z^ w = J2 Z c t>w P{N - t) exp(% [JV] (N - t)), 

t=o 
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where P(n) := P(n > n) = ES£U+l K ( k ) and 

(3.23) $ a ,p(£) := log[i(l + exp(-^ w + £ Qj/3 ))]l (m) l ( , e/3 _ a) , 

which differs from $ in not having the terms of interaction with the interface 
[cf. (2.4)]. 

Since the asymptotic behavior of P(£) exp($ Q , i/ g(^)) will be also needed, 
we set 

L a0 := lim V£P(£)e^ (e) 

(3.24) 

_ ( c K (l + exp(S Q , >j a)), if h u = 0, 
\c K , if Tiu; > 0, 

as it follows easily from (3.23) and from the fact that P(£) ~ 2ck/V£ as £ — > 
cx). For the rest of the proof, we consider the different regimes separately. 

The strictly delocalized case. Notice that 
N-k 

N^Z^o^ = £ Z^+^N^PiN -k-t) exp($ [t+kUN] (N -k-t)). 
t=o 

By (3.24), we then obtain 

oo 

(3.25) 3 Irn^N^Z^^ = E%W*) Z = K 1 ~ B )~ ll \kU 



since 



(3.26) J2 Z ^(t) = E E M ^(t) = E B ti = t( J - B rX,- 

t=0 t=0 k=0 k=0 

The critical case. For N €r] and k < N, 

N-k 

W = EE Z [k]tJ (t)P(N-k-t)exp(^, v (N-k-t)). 

7 t=0 

By the previous results and using (3.24), we obtain that for every k £N, 
d NJ^Ne/ N - k ^-^J^LOJo tV2(l_f)l/2 

(3-27) 

= r (c,L.,„) 

where we denote the canonical scalar product in R s by (•,•): 

(y 5 ^} •"= E ^ Q ^ Q! ' ¥>,V>eK s . 
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The localized case. By (3.22), 

N-k 

= e -F^N Z mN _ t] (N-k-t)P(t)eM$ [N _ tUN] (t)) 

N-k 

= e" F - fc E E e- F -'P(t)[exp(cI> 7i[JV] (t))e- F -( Ar - fc -')^ fc]i7 (iV-fc-t)]. 

Since, by (3.12), the expression in brackets converges as N — > oo and N € 
[t] +7, we obtain 

3 Jim e~ F " N 'Z N _ kfikU) = C [k] e- F - k f- E E exp(* 7l ,(t))Cy J ■ 



Nerj 



7g§i=0 



Observe that the term in parentheses is just a function of 77. □ 

4. A preliminary analysis of the polymer measure. In this section, we 
give some preliminary material which will be used in Section 5 for the proof 
of the scaling limits of our models. We are going to show that the core of 
the polymer measure is encoded in its zero level set and that the law of 
the latter is expressible in terms of the partition function. This explains the 
crucial importance of the partition function for the study of P$v w - 

We start by giving a very useful decomposition of P/v^. The intuitive 
idea is that a path (S n ) n <N can be split into two main ingredients: 

• the family (Tk)k=o,i,... of returns to zero of S (defined in Section 2.2); 

• the family of excursions from zero (5j+ Tfe _ 1 : < i < — Tk—i)k=i,2,... ■ 

Moreover, since each excursion can be either positive or negative, it is also 
useful to separately consider the signs of the excursions : = sign(SV fc 1+ i) 
and the absolute values (efc(i) := |5j +Tfc l | : i = 0, . . . , tj, — r^-i). Observe that 
these are trivial for an excursion with length 1: in fact, if = t^-i + 1, then 
a k = and e fe (0) = e fc (l) = 0. 

Let us first consider the returns (rk)k<i N under Pjy^, where we recall the 
definition tjv = sup{/c : < N}. The law of this process can be viewed as a 
probability measure p NuJ on the class of subsets of {1, . . . , N}: indeed, for 
AQ{1,.. .,N}, writing' 

(4.1) A = {t 1 ,...,t lA{ }, 0=:t <t 1 <---<t lAl <N, 

we can set 

(4-2) p a N ^{A):=V a N ^{r i = t u i<i N ). 

From the definition (1.6) of P 1 ^^ and from the strong Markov property of 
P, we then have the following basic lemma: 
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Lemma 4.1. With the notation of (4-1), for AC{1,„. , N} if a = c, 
then p% ^(A) ^ if and only if t\M = N and, in this case, 

(4.3) p N ^(A) = — J] M [ti _ im (U - U-i), 



while for a = f , 



(4.4) 



A N,w i= i 



■\A\ 

n M [**-i],[**](**-**-i) 
.i=i 



x ^ - «|A|)exp(* [t|Al])[A] (JV - 

Thus the law of the zero level set is explicitly given in terms of the kernel 
M a p(n) and the partition function Z N . The following two lemmas [that 
again follow from definition (1.6)] show that, conditionally on the zero level 
set, the signs are independent and the excursions are just the excursions of 
the unperturbed random walk S under P. This shows that the zero level set 
is indeed the core of the polymer measure w . 

Lemma 4.2. Conditionally on {tN,(i~j)j<i N }, under Pjy^, the signs 
(o~k)k<i N +i form an independent family. For k < ln, the conditional law 
of CTk is specified as follows: 

• if r k = 1 + Tk-i, then a k = 0; 

• if T k > 1 + T k~i, then a k can take the two values ±1, with 



(4.5) P%J<r k = +1 1 t, N ,(T; 



j)j<t-N, 



1 + exp{-(r fc - Tk-^K + ^[Tk^llrk]} ' 



For a = f , when t ln < N, there is a last incomplete excursion in the inter- 
val {0, ...,N}, whose sign cr LN+ i is also specified by (4-5), provided we set 
n N +i := N. 

Lemma 4.3. Conditionally on {in, ( r j)j<tjv> {°~j)j<t-N+i}> ^ e excursions 
(efc( - ))fc<tjv+i form an independent family under P NuJ - For k < tjv, the 
conditional law of efe(-) on the event {t^-i = @o,Tk = l{\ is specified for 
f = (fi)i=o,...,h-io h V 

F N,uj( e k(-) = f\l>N, {Tj)j<L N , (Oj)j<tAT+l) 

(4.6) =P(Si = f i :i = 0,...,£ 1 -£o\S i >0:i = l,...,£ 1 -£o-l, 

S^-to = 0). 
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For a = f , when r iN < N , the conditional law on the event {r tJV = I < N} of 
the last incomplete excursion e tJV+ i(-) is specified for f = (fi)i=o,...,N-e by 

P iV^( e tjv+l(') = f\ L N, (l~j)j<L N , (o-j)j< LN+ i) 

(4.7) 

= P ( Si = ft : i = , . . . , N - i | Si > : i = 1 , . . . , N - I ) . 

We stress that Lemmas 4.1, 4.2 and 4.3 fully characterize the polymer 
measure PJv^- It i s worth stressing that, conditionally on (Tk)k&N, the joint 
distribution of (o~j,ej)j<t N does not depend on N. In this sense, all the N- 
dependence is contained in the law p% ^ of the zero level set. This fact will 
be exploited in the next section. 

5. Proof of Theorem 1.3 and Proposition 2.1. In this section, we show 
that the measures Pjy^ converge under Brownian rescaling, proving The- 
orem 1.3 and Proposition 2.1. The results and proofs closely follow those 
of [9] and we shall refer to this paper for several technical lemmas; for the 
tightness of {Q a N ^n^n in C([Q, 1]), we refer to [8]. 

Lemma 5.1. For any lu and a = c,f, the sequence (Q% ^ngn is tight 
in C([0,1]). 

Hereafter, we separately consider the three regimes 5 U > 1, 5 U < 1 and 
<5 W = 1. 

5.1. The localized regime (5^ > 1). We prove point (3) of Theorem 1.3. 
By Lemma 5.1, it is enough to prove that P a N J\X?\ > e) -» for all e > 
and t € [0, 1] and one can obtain this estimate explicitly. We point out, 
however, that in this regime, one can avoid using the compactness lemma 
and can obtain a stronger result by elementary means: observe that for any 
k,n £~N such that n > 1 and k + n < N , we have 

F N,Lu(Sk = S k+n = 0,S k+i t^O for i = l,...,n- 1) 

(5.1) 

^ i/2(i+exp(Er = i(4;! ) -4:! ) ))) , 

< 7F3 =• K k(n), 

and that this holds both for a = c and a = f . Inequality (5.1) is obtained 
by using the Markov property of S both in the numerator and the de- 
nominator of the expression (1.6) defining Pjv w (-) after having bounded 
Zfi u from below by inserting the event = S^+n = 0. Of course, 

lim n _ +00 (l/n) log -fTfc(n) = — F w uniformly in k [notice that Kk + T{n) = iffe(n)]. 
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Therefore, if we fix e > 0, by the union bound, we obtain (recalling that {Tj}j 
and tjv were defined in Section 2.2), for some c> 0, 



Pa 
N.t 



max Tj — T,-_i > (1 + e) log N/f u 

< E E K k (n) 

fc<jV-(l+e)logjV/F w n> (1+e) log JV/F U 

<iV V max Kfc(n) 

, , fe=o,...,T-i feV 7 

n>(l+e)log7V/F„ 

- Are 

Let us start with the constrained case. Notice that Pjy ^(d5)-a.s. we have 
t~i n = N and hence maxj< tJV Tj — Tj_i > max n= i v .. 5 Ar \S n \ , since |S n +i — <S n | < 
1 . We then immediately obtain that for any C > 1 /f u , 



(5.2) lim P C N J max |S n | > ClogiV = 0, 

N-^oo ' \n=l,...,N J 

which is, of course, a much stronger statement than the scaling limit of point 
(3) of Theorem 1.3. If we instead consider the measure Ptv^, the length of 
the last excursion must also be taken into account; however, an argument 
very close to the one used in (5.1) also yields that the last excursion is 
exponentially bounded (with the same exponent) and the proof of point (3) 
of Theorem 1.3 is complete. 



5.2. The strictly delocalized regime (5 W < 1). We prove point (1) of The- 
orem 1.3 and Proposition 2.1. We set, for t E {1, . . . , N}, 

D t ■- ini{k = 1, . . . ,N :k > t, S k = 0}, 
G t := sup{fc = l,...,N:k<t,S k = 0}. 

The following result shows that in the strictly delocalized regime, as N — > oo, 
the visits to zero under P^r u tend to be very few and concentrated at a finite 
distance from the origin if a = f and from or N if a = c. 



Lemma 5.2. If 5^ < 1, there exists a constant C > such that for all 
L>0, 

hmsup[P^(G 7V >L) + P%,JG N/2 > L) + P c N jD N/2 < N - L)\ 
< CL^ 2 . 
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Proof. We consider, for example, ~P C N — L). Using Lemma 4.1 
to compute this probability, recalling definition (3.5) of the kernel Z a n(n) 
and using (3.18), we obtain 



M [xUz] (z-x)Z [zUN] (N-z) 
Zo,[N](N) 



>c n,JG n/2 >L)= E Z m {x) E 



[N/2\ N 

< div 3 / 2 e *~ 3/2 E (* - *r 3/2 (^ + 1 - ^r 3/2 

x=L z=[N/2]+l 

< C 2 L- 1 /2 

for some positive constants C\ and C 2 , and the proof is complete. □ 

The signs. Since the zeros are concentrated near the boundary, to com- 
plete the proof it is enough to argue as in the proof of Theorem 9 in [9]. 
More precisely, by Lemma 5.2, for large N, the typical paths of Pjv^ are 
essentially made up of one big excursion whose absolute value converges in 
law to the Brownian excursion {et} tg p,i] f° r a = c an d to the Brownian me- 
ander {"i<}t e [o,i] for a = f by standard invariance principles (cf. [18] and [3]). 
Therefore, to complete the proof, we only have to show the existence the 
limit (as N — > oo along [N] = rj) of the probability that the process (away 
from {0,1}) lives in the upper half-plane. In the general case, we have dif- 
ferent limits, depending on the sequence [N] = r\ and on a = f,c, while if 
to V, all such limits coincide. 

We start with the constrained case. Given Lemma 5.2, it is sufficient to 
show that 

(5.3) 3 Jim P c ^(Sv/2>0)=:p^. 

iV— >oo 

Formula (5.3) follows from the fact that 
P c N ,JS N/2 >0) 

V V V z °' a ^ p t^ y ~ x ) M *Ay - x ) z /3,[n](n - y) 

J ' ' ~7 ( N) ' 

a,0&x<N/2y>N/2 ^0,[AT]W v ) 

where for all z E N and a, £ §, we set 

(5 - 4) P ^ (Z) := l+exp(-^ + S ai/3 ) ; 

see (4.5). By the dominated convergence theorem and by (3.10) and (3.26), 
we get 

Blirn^N 3 / 2 E E Z , a (x)pl (3 (y-x)M a ^(y-x)Z^ r] (N-y) 

j^™ x<N/2y>N/2 
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= [(1 - B)~\ a c K \ exp(4 0) )[(l - B)-%„. 
By (3.18), it then follows that (5.3) holds true with 

c _ - Br\ a c K (l/2) exp(4 0) )[(l - jj)" 1 ]^ 

l ' j Pavr [(l-5)-iL(l-5)-i] 0) „ 



Remark 5.3. Observe that by (3.10): 

• if hu > 0, then in (5.5), the denominator is equal to the numerator, so 
that „ = 1 for all 77; 

• if h w = and E = 0, then in (5.5), the denominator is equal to twice the 
numerator, so that p£, „ = 1/2 for all 77; 

• in the remaining case, that is, if uj € V, then in general, p° depends on 77. 

Let us now consider the free case. This time, it is sufficient to show that 
(5.6) 3 lim P f ^(5 JV >0)=:pL, r ,. 

N— >oo ' 
Ner/ 

However, we can write 

pf ( q ^ ^o,q(g)-(l/2)P(Ar-fe) 

P N,uK b N > °) = 2^ 

and by using (3.22), (3.26) and (3.24), we obtain that (5.6) holds with 

(K7 , f _ J2 a [a-By\ a c K 

( } [(i-s)-iZ] „ • 

Remark 5.4. Again, observe that by (3.24): 

• if h u > 0, then in (5.7), the denominator is equal to the numerator and 

• if h w = and E = 0, then in (5.7), the denominator is equal to twice the 
numerator, so that p^„ = 1/2 for all 77; 

• in the remaining case, that is, if uj G "P, the in general, p^ „ depends on 77 
and is different from p£, ; „- 

The proof of point (1) of Theorem 1.3 and Proposition 2.1 is then con- 
cluded. 

5.3. The critical regime {5 U = 1) . We prove point (2) of Theorem 1.3 and 
Proposition 2.1. As in the previous section, we first determine the asymptotic 
behavior of the zero level set and then pass to the study of the signs of the 
excursions. 
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The zero level set. We introduce the random closed subset A% of [0, 1] 
describing the zero set of the polymer of size N rescaled by a factor 1/N: 

P(A a N = A/N) = P a N JA), A C {0, . . . , TV}; 

recall (4.2). Let us denote by T the class of all closed subsets of R + := 
[0,+oo). We are going to impose on T a topological and measurable struc- 
ture so that we can view the law of A% as a probability measure on J- and 
can study the weak convergence of A%. 

We endow T with the topology of Matheron (cf. [21] and [12], Section 3) 
which is a metrizable topology. To define it, we associate to a closed subset 
F C R + the compact nonempty subset F of the interval [0, 7r/2] defined by 
F := arctan(i ? U {+oo}). The metric •) we introduce on T is then 

(5.8) p(F,F') :=max|supd(t,F / )> sup d(t',F)\, F,F'<EF, 

t&F t>£F> > 

where d(s,A) := inf{|t — s\,t G A} is the standard distance between a point 
and a set. The r.h.s. of (5.8) is the so-called Hausdorff metric between the 
compact nonempty sets F,F'. 

Thus, by definition, a sequence {F n } n C T converges to F G T if and only 
if p(F n ,F) — > 0. This is equivalent to requiring that for each open set G and 
each compact K C M + , 

FnG/0 =^ F n nG/0 eventually, 

(5.9) 

Ff]K = => F n f]K = eventually. 

Another necessary and sufficient condition for F n — ► F is that d(t,F n ) — > 
<i(t,F) for every t G M + . 

This topology makes T a separable and compact metric space [21], Theo- 
rem 1-2-1, in particular, a Polish space. Endowing T with the Borel cr-field, 
we have that the space M.\(T) of probability measures on T is compact 
with the topology of weak convergence. 

The crucial result is the convergence in distribution as iV — > oo of the 
random set A a N toward the zero set of a Brownian motion for a = f or of a 
Brownian bridge for a = c. 

Proposition 5.5. If 5^ = 1, then as N — ► oo, 

(5.10) .4^ {t€[0,l]:B(t) = 0}, 

(5.11) ^ {iG[0,l]:/3(i) = 0}. 

The proof of Proposition 5.5 is achieved by comparing the law of A N and 
with the law of a random set IZn defined as follows. With the notation 
introduced in Section 3.1, we introduce the rescaled random set TZn- 

K N := r<mge{Ti/N,i> 0} = t/N C R + 
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under P[ i. Notice that for any A = {ti, . . . , iui} C {1, . . . , N}, we have (set- 
ting t := 0) 



¥ [0] (tD{1,...,N}=A) 

(5.12) 

-\A\ 

Y[ M lu-,Uu](ti-U-i) 

Li=l 



Qt ]Al (N-t lAl )^ 



where Q a (t) := Y.0 T,T=t+i v aA s )- 

The key step in proving Proposition 5.5 is given by the following lemma 
whose proof uses the theory of regenerative sets and their connection with 
subordinators; see [12]. 

LEMMA 5.6. The random set IZn converges in distribution to {t > : B(t) 
0}. 

Proof. Recalling the definition (3.8) of t@, we introduce the random 
set 

Tiff := range{r fc /iV : k > 0, J k = (3} = r^/N, G S, 

under Pr i. Notice that TZ-n = U/j^-at- We divide the rest of the proof into 
two steps. 

Step 1. This is the main step: we prove that the law of Tl? N converges to 
the law of {t > : B(t) = 0}. For this, we follow the proof of Lemma 5 in [9]. 
Let {P(t)}t>o be a Poisson process with rate 7 > 0, independent of (T^)j>o. 
Then at = [Tf + • • • + Tp^]/N is a nondecreasing right-continuous process 
with independent stationary increments and do = 0, that is, a = ((Tt)t>o is 
a subordinator. By the standard theory of Levy processes, the law of a is 
characterized by the Laplace transform of its one-time distributions, 

E[exp(-A<T t )] =exp(-t0jv(A)), A> 0,t > 0, 

for a suitable function <pN : [0, 00) ^ [0, 00), called the Levy exponent, which 
has a canonical representation, the Levy-Khinchine formula (see, e.g., (1.15) 
in [12]): 

„ 00 
0at(A)= / (l-e- Xs ) 1 F(T?/Neds)= 1 Y,( 1 - e M-^/N))q> 3 (n). 



n=l 



We denote the closed range {at : t > 0} of the subordinator a by Ti N - Then, 
following [12], U% is a regenerative set. Moreover, 1Z^ N = Tq /N + TZ^. 

Notice now that the law of the regenerative set TZP N is invariant under 
the change of time scale at — ► a c t for c > and, in particular, independent 
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of 7 > 0. Since 4>n — ► ccpN under this change of scale, we can fix 7 = 77V 
such that 0j\r(l) = 1 and this will hereafter be implicitly assumed. Then, by 
Proposition (1.14) of [12], the law of 1Z^ N is uniquely determined by <j)^. 

The asymptotic behavior of given in (3.15) easily yields 4>nW —> 
AV2 =: $ BM (A) asiV^oo. It is now a matter of applying the result in 
[12] Section 3, to obtain that 1Z^ N converges in law to the regenerative set 
corresponding to &bm- However, by direct computation, one obtains that 
the latter is nothing but the zero level set of a Brownian motion, therefore 
jZpj =^{i£ [0, 1] : B(t) = 0}. From the fact that T<f /N -> a.s., the same 
weak convergence for TlP N follows immediately. 

Step 2. Notice that 1Z n = U/3^jv * s * ne union of nonindependent sets. 
Therefore, although we know that each TZ? N converges in law to {t > : B(t) = 
0}, it is not trivial that 1Z n converges to the same limit. We start by showing 
that for every positive t > 0, the distance between the first point in TZf^ after 
t and the first point in IZj^ after t converges to zero in probability. More 
precisely, for any closed set F C [0, 00), we set 

(5.13) dt(F) :=inf(Fn(i,oo)) 

and we claim that for all a, (3 £ S and t > 0, \dt(TZ%) — d t {lZ^ N )\ — > in 
probability. 

Recalling (3.14) and the notation introduced there, we can write, for all 
e>0, 

¥ [0] (d t (n a N )>d t (n^ N ) + e) 

[Nt\ 00 00 

= EE^ 7 ( y ) E i M) (z) £ q ^\ w ). 

7 y=0 z=\ L Nt\-y+l tu=LJVeJ 

Arguing as in the proof of (3.15), it is easy to obtain the bound q^' ,a \w) < 
Ciw~ 3 / 2 and by (3.16), we have Uo t7 (y) < C^y™ 1 / 2 , with C\,Ci positive 
constants. Therefore, 

¥ [0] (d t (n a N )>d t (TZ^ N )+e) 

C3 ( f^ T f°° f°° 1 A 

- U dy J {t _ y)/T dz J e/T dw pwJ 

for some positive constant C3, having used the convergence of the Riemann 
sums to the corresponding integral. The same computations can be per- 
formed where a is exchanged with /3, hence the claim is proved. 

Now, notice that dtiTZ^) = min^gs dt(JZ%) and since § is a finite set, 
we also have that \dt(JZ^) — dt(TZ^)\ —> in probability for any fixed (3 £ S. 
Since we already know that Tl? N converges weakly to the law of {t > : B(t) = 
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0}, the analogous statement for 1Z n follows by standard arguments. More 
precisely, let us look at (TZj^,TZ^) as a random element of the space T x T\ 
by the compactness of T, it suffices to take any convergent subsequence 

(Tlkn^kJ (®> £ ) and show that P (® ^ £ ) = °- However > we can write 
{<B/£} = [J |J{I*(®)-*(C)I>V»} 

by the right-continuity of 1 1— ► df and, by the portmanteau theorem, we have 
P [0 ](|dt(») - dt(C)| > 1/n) < limsupP [0] (|dt(^) - ^(?4)l > 1/n) = 

because |cf f (7^) — ^(7^.^)1 — > in probability. □ 

Proof of Proposition 5.5: equation (5.11). First, we compute 
the Radon-Nikodym derivative ffj of the law of A C N n [0,1/2] with re- 
spect to the law of v}^ 1 := TZ N n [0, 1/2], using (4.3) and (5.12). For F = 
{ti/N, . . .,tk/N} C [0, 1/2] with =: t Q < t\ < ■ ■ ■ < t k integer values, the 

1/2 

value of fx at TZ^ = F depends only on g\/2{F) and is given by 

( TPW fc, + /An Sn=jV/2 M lt k ],[n] ~ *fc)-g[n],[JV] ~ ") go 

where for any closed set F C [0, oo), we set 
(5.14) g t (F):=sup(Fn[0,t]). 

By (3.17), for all e > and uniformly in g G [0, 1/2 — e], 

[Lt] [ITa] (T 2 /(2vr))(C[ i v ] /(C, L0)T^ J Q 1/2 y~W(l - y - g)^/ 2 dy 



Ma) 



(Ty(27rM C [N] (C,LO)T^([miN g] /^N g ])2(l/2 - g)~W 

Z[Ng] 
T72 



: r(g)- 



1-9 

If ^ is a bounded continuous functional on J- such that *&(F) = *&(F n 
[0, 1/2]) for all Fef, then setting Z B := {t G [0, 1] : J3(<) = 0} and := 
{* G [0,1] :/3(t) =0}, we get 

E[*(Zf,)]=E[9(Z B )r(g 1/2 (Z B ))]; 

see formula (49) in [9]. By Lemma 5.6 and the asymptotic behavior of f^, 
we obtain 

E[*(^)] =E[M/(< /2 )/^( 5l/2 (< /2 ))] N -^n^(Z B )r(g 1/2 (Z B ))} 
= E[*(^)], 
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that is, A C N n [0, 1/2] converges to Zp n [0, 1/2]. Notice now that the distri- 
bution of the random set {1 — t : t £ A C N n [1/2, 1]} under P% ^ is the same 
as the distribution of A C N n [0, 1/2] under P C NZJ , where uJu\ := wrjv-i]- There- 
fore, we obtain that A C N H [1/2, 1] converges to Zp n [0, 1/2] and the proof is 
complete. 



Proof of Proposition 5.5: equation (5.10). By conditioning on 
the last zero, from (4.3) and (4.4), we see that if VP is a bounded continuous 
functional on J 7 , then 

N 

E[*G4r)] = E E 

k=0 



-pP(iV - fc) exp($ [feL[JV] (iV - fe)). 



We denote by /?' a Brownian bridge over the interval [0,t], that is, a Brow- 
nian motion over [0,t] conditioned to be at time t, and we set Zgt := {s £ 

[0,t]:(3 t (s) = 0} = tZp. By (5.11), it follows that if k/N t, then the ran- 
dom set jrAfc converges in distribution to Zpt. Then, applying (3.17) and 
(3.27), we obtain, as N — > oo along [N] = rj, 



N 



EMAt)} 



k=0 7 



E 



\N k 



Z. 



-^Lp(N-k)eM^,v(N-k)) 



X 



E 



IT 2 &C> 



7,1 



, T 2 (SM)Z (T/2){C>L;r,WM) 
= E[*(Z fl )]. 

Since the result does not depend on the subsequence [iV] = rj, we have indeed 
proven that A% converges in distribution to Zb- Q 

XYie signs. In order to conclude the proof of point (2) of Theorem 1.3 and 
Proposition 2.1 in the critical case {5 W = 1), we closely follow the proof given 
in Section 8 of [9]. Having already proven the convergence of the zero level 
set, we only have to paste the excursions (recall Lemmas 4.2 and 4.3). The 
weak convergence under diffusive rescaling of e&(-) for k < ln toward the 
Brownian excursion e(-) and of the last excursion e tJV +i(-) for a = f toward 
the Brownian meander m(-) has been proven in [18] and [3], respectively. It 
then only remains to focus on the signs. 

We start with the constrained case: we are going to show that for all 

te(0,l), 



(5.15) 



3 lim P c N ,US m >0)=: Pa 
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and that the limit is independent of t. We point out that we should actually 
fix the extremities of the excursion embracing t, that is, we should rather 
prove that 



(5.16) 



^P^JS^j > 0\G m /Ne(a-e, a),D m /N e(b,b + e)) 



for a <t <b and e > (recall the definitions of Gt and Dt in Section 5.2), but 
in order to lighten the exposition, we will stick to (5.15), since proving (5.16) 
requires only minor changes. 
We have, recalling (5.4), 

F N,uj( S [tNi > 0) 

a ,(3 x< \tN\y>[tN\ Z 0,[N](N) 

By the dominated convergence theorem and by (3.17), 
BJim^iV 1 / 2 £ ]T Z 0ta (x)p+ p (y-x)M atP (y-x)Zp )ri (N-y) 

j^z™ x<[tN\ y>ltN] 

= h II dx I! dy [x{y - * )3(i - y)]1 ' 2 (£) 2 f# c 4 exp( ^ 0)); 

see (3.10). We obtain that (5.15) holds with 

/r _ Ea^CaCK (1/2) exp(wL 0) )^ 

(5.17) p„:= ^ . 



Remark 5.7. Observe the following. By (3.10): 

• if h u > 0, then in (5.17), the denominator is equal to the numerator so 
that p w = 1; 

• if h w = 0, and S = then in (5.17), the denominator is equal to twice the 
numerator so that = 1/2. 

Let us now consider the free case. We are going to show that for all 
t 6(0,1], 

f / 2arcsin v / A 2arcsin\/t 
J lm F N,uj{S[tN\ > = 1 p u + q^ i?? 

[JV]=rj 

(5.18) 
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where is the same as above [see (5.17)], while is defined in (5.19) be- 
low. We again stress that we should actually fix the values of G^atj and -D^atj 
as in (5.16), proving that the limiting probability is either p^ or accord- 
ing to whether D\ tN i < N or D\ t ^\ > N, but this will be clear from the steps 
below. Formula (5.18) follows from the fact that 

P f 7V,J*VvJ >0) 

~ Z^ Z^ Z^ yl 

a,P x<[tN\ y>[tN\ N,u 

^ ^ Zo, a {x)p+ [N] (N - x)P(N - x) eM$[xUN]( N ~ x )) 

+ Z^ Z^ yi 

a x<\tN\ N,u 

Letting N — ► oo with [N] = rj, by (3.27), the first term in the r.h.s. converges 
to 

dx f 1 dy ^1 T 2 ^ C a 



3 xWJt (y-x)3/2^r2 2vr(C,L0 



2 FV ' ' (CM) &(r/2)<c,£,,> 

2 arcsin 

1 n J' P "' 

while the second term converges to 

* dx l_ v T 2 goC Q (C^Q_ 
o xV2(i - x )i/2 T ^ 27r(C, LO ' eo(T/2)(C, L. iV ) 

2 arcsin \/t ck C-y 

~ * (C,L,v) ' 

Therefore, we obtain (5.18) with 

( 5 - 19 ) = . - j \ ■ 



Remark 5.8. We observe that, by (3.24): 



if h u > 0, or if h w = and E = 0, then p^„(t) = q Wir? = Pw for all t and 77; 
in the remaining case, that is, if uj G V, in general, p£,„(i) depends on i 
and 77. 
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Now that we have proven the convergence of the probabilities of the signs 
of the excursion, in order to conclude the proof of point (2) of Theorem 1.3 
and Proposition 2.1, it is enough to use the excursion theory of Brownian 
motion. For the details, we refer to the proof of Theorem 11 in [9]. □ 

APPENDIX A: AN ASYMPTOTIC RESULT 

In this appendix we will to prove that equation (3.15) holds true, but we 
first need some preliminary notation and results. 

Given an irreducible T xT matrix Q a ,j3 with nonnegative entries [22], its 
Perron-Frobenius eigenvalue (= spectral radius) will be denoted by Z = Z(Q) 
and the corresponding left and right eigenvectors (with any normalization) 
will be denoted by {( a }, We recall that Ca 5 £a > 0. Being a simple root 
of the characteristic polynomial, Z(Q) is an analytic function of the entries 
of Q, and 

0Z _ 



(A.l) 



dQ a ,p {CO' 



Hence, Z(Q) is a strictly increasing function of each of the entries of Q. 

Now, let Q denote the transition matrix of an irreducible, positive recur- 
rent Markov chain and let us introduce the matrix Q^) and the vector 5^ , 
defined by 

[Q (j) ]a,P := Qa,/3l(/¥7)> [ J(7) L : = !(a=7)- 

By monotonicity, Z(QW) < Z(Q) = 1 for all 7. We can then define the geo- 
metric series 

00 

(l_Q(7) r l := £ ( Q(7))\ 
k=0 

The interesting point is that, for every fixed 7, the vector a 1— > [(1 — Q^)~ 
is (a multiple of) the left Perron-Frobenius eigenvector of the matrix Q. 
Similarly, the vector a h [(1 - Q^ 7 -*) -1 • Q] Q)7 is (a multiple of) the right 
Perron-Frobenius eigenvector of Q. More precisely, we have 

(a.2) [(1 - Q^r\ a = v -f, [(1 - g^r 1 • Q] an = 1, 

where {v a } a is the unique invariant law of the chain, that is, J2 a v a Qa,p = 
and J2a v a = 1- Equation (A.2) can be proven by exploiting its probabilistic 
interpretation in terms of the expected number of visits to state a before 
the first return to site 7; see [2], Section 1.3. 

Next we turn to our main problem. We recall, for convenience, the nota- 
tion introduced in Sections 3.1 and 3.3. The process {Tk}k>o where tq = 
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and Tfc = T\ H h Tfc is a Markov renewal process associated with the semi- 
Markov kernel r Qj7 (n) [defined in (3.13)] and {Jk}k>o is its modulating 
chain. We denote by the law of {(</&, Tk)}k>o with starting point Jq = (5 
and we set i := mf{k > : Jk = /?}. q@(x) then denotes the law of T£ under 
P/3 and we want to determine its asymptotic behavior. 

We anticipate that the notation is necessarily quite involved, but the basic 
idea is simple. By the periodic structure of the kernel T, it follows that q@(x) 
is zero if [x] ^ 0. On the other hand, when [x] = [0], by summing over the 
possible values of the index £ and using equation (3.6), we obtain 

/(x)=P /3 (r 1 = x,J 1 = /?) 

oo 

(A.3) + M J i^ P- 1 < * < k > J k+i = P, r k+1 = x) 

k=l 

oo 

= j2((rwy k *r)^(x), 

k=0 

where we have introduced the kernel T^l/{x) := T a ^(x)l^^ that gives 
the law of the steps with index k < I. Looking at (A.3), we set Va^j (x) : 
££L ((r^))* fe ) a , 7 (:c) and we can write 



(A.4) ftx) = (VW) * T)^(x) =^E^ " v)- 

76§J/=0 

The asymptotic behavior of q@(x) can be extracted from the above expres- 
sion. To this end, we need to know both the asymptotic behavior as n — > oo 
and the sum over n E N of the two kernels T^^(n) and V^(n) appearing 
in the r.h.s. 

• By (3.13) and (3.10), as n — ► oo along [n] = (3 — 7 we have 
(A.5) r 7ij a(?i) ~ where L Jt p := L lij3 ^-. 

Moreover, the sum over n £ N gives 
(A.6) J2 T 7dn) = B J ,^=:B J ^. 

• For the asymptotic behavior of the kernel := J2k^=o(^^)* k > we can 
apply the theory developed in Section 3.4 for the case 5^ < 1 because the 
matrix J2xeN^a,\(x) is just [J3^] a ~ by (A.6) (we recall the convention 
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[Q ]«,7 := Qq,7 1(7^/3) f° r an y matrix Q) which has Perron-Frobenius 
eigenvalue strictly smaller than 1. Since 



n 3/2 ' n -> oo, [rej = 7 - a, 

we can apply (3.18) to obtain the asymptotic behavior as n — > oo, [n] = 
a — 7: 

(A.7) V^(n) ~ ([(1 - ^"^(l - 5 ( ^)- 1 ] Q , 7 )^. 

On the other hand, for the sum over n £ N, an analog of (3.19) yields 

00 

(a.8) £ v$(„) = E[(^ (/3) ) fc )«,7 = id - B^rXr 

nGN fc=0 

As equations (A. 5) and (A.7) show, both kernels and T have an 

n~ 3 / 2 tail. From (A. 4), it then follows that as x — > 00 along [x] = 0, 

A*) ~ e{ f E v$(n)) r 7i/s (x) + <>) (e r 7>/J (ro) }. 

It now suffices to apply (A.8), (A. 5), (A.7) and (A. 6) to see that, indeed, 
q@(x) ~ cg/x 3 / 2 as x — ► co along [x] = 0, where the positive constant eg is 
given by 

cp = [(1 - B^y 1 ■ L]p,p + [(1 - B^y 1 ■ • (1 - bM)" 1 • S\ M . 

Using the fact that [(1 — B^)~ l ■ B\p p = 1, which follows from (A. 2) applied 
to the matrix Q = B, we can rewrite the above expression as 



c /3 



[(1 - my 1 •£■(! — S^)" 1 • B]^ = 1 E ^£0,7, 



where is the invariant measure of the matrix i? and the second equal- 

ity again follows from (A. 2). However, from (A. 6) it is easily seen that 
{va} = {Ca£,a} and recalling the definition (A. 5) of L, we finally obtain the 
expression for cp given in equation (3.15): 

(A. 9) Cp = — — E CaLa^. 

C/J§9 
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APPENDIX B: A LOCALIZATION ARGUMENT 

Let us give a proof that for the copolymer near a selective interface model, 
described in Section 1.1, the charge uj never belongs to V [see (2.9) for the 
definition of V\. More precisely, we will show that if h u = and £ ^ 0, 
then 8 U > 1. That is, the periodic copolymer with zero-mean, nontrivial 
charges is always localized. As a matter of fact, this is an immediate con- 
sequence of the estimates on the critical line obtained in [5]. However, we 
want to give here an explicit proof, both because it is more direct and be- 
cause the model studied in [5] is built over the simple random walk measure, 
corresponding to p = 1/2 with the language of Section 1, while we consider 
the case p < 1/2. 

We recall that, by (A.l), the Perron-Frobenius eigenvalue Z(Q) of an 
irreducible matrix Q is increasing in the entries of Q. We also point out a 
result proved by Kingman [19]: if the matrix Q = Q{t) is a function of a 
real parameter t such that all the entries Q a ,/3(t) are log-convex functions 
of t [i.e., 1 1— ► logQ Q)1 a(i) is convex for all a, p\, then 1 1— ► Z(Q(t)) is also a 
log-convex function of t. 

Next, we come to the copolymer near a selective interface model: with ref- 
erence to the general Hamiltonian (1.3), we are assuming that u>n^ = tin^ = 
and h w = [where h u was defined in (1.5)]. In this case, the integrated 
Hamiltonian $ a ,p{ty [see (2.4)] is given by 

0, if £ = 1 or £ i - a, 

log[i(l + exp(S Qj/3 ))], if £ > 1 and £ e - a. 

We recall that the law of the first return to zero of the original walk is 
denoted by K (•) [see (2.1)] and we introduce the function q : S — > IR + defined 
by 

g( 7 ) := K ( x ) 

xGN,[x]=7 

[notice that = M- The matrix B a ^ defined by (2.6) then becomes 

!l(l + exp(E aij3 ))q(/3-a), 
if [1], 
K(l) + 1(1 + exp(S Q)a+[1] )) • (,([1]) - K(l)), 
if p- a = [l]. 

By (2.7), to prove localization, we must show that the Perron-Frobenius 
eigenvalue of the matrix (B a g) is strictly greater than 1, that is, Z(B) > 1. 
Applying the elementary convexity inequality (1 + exp(x))/2 > exp(x/2) to 
(B.l), we get 

r exp(E ajl3 /2)q(l3 - a) 
(no\ R >R —J if/3-a/[l], 

1 ] ^ ~ ^ K(l) + exp(S QiQ+[1] /2) • (g([l]) - K(l)) 

{ ap-a = [i}. 
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By hypothesis, Xa 0l/ 3 7^ for some cto,A), therefore the inequality above 
is strict for a = «o, /3 = /3o- We have already observed that the Perron- 
Frobenius eigenvalue is a strictly increasing function of the entries of the 
matrix, hence Z(Z?) > Z(B). Therefore, it only remains to show that Z(£>) > 1 
and the proof will be complete. 

Again, an elementary convexity inequality applied to the second line 
of (B.2) yields 

(B.3) B a £ > B a ^ := exp(c(/3 - a)E a>/3 /2) • q(f3 - a), 

where 

fl, if 7 ^[1], 

c( 7 ):= m)-K{l) 

I <?([!]) ' 7 lJ - 

We will prove that Z(I?) > 1. Observe that by setting v a := £[o], a , we can 
write 

^a,/3 = £[0],/3 - S[ ] jQ! =Vp — V a . 

We then make a similarity transformation via the matrix L Q ,/3 := ex P( v p /2)l(/3= a ) , 
getting 

C7 Qj/3 :=[L ■ B ■ L _1 ] Qj/ g = exp((c(/3 - a) - l)E a)/3 /2) • g(/3 - a) 
= exp(dS QiQ+[1] l (/ g_ Q=1) ) -g(/3-a), 

where we have introduced the constant d := —K(l)/(2q([l])). Of course, 
Z(B) = Z(C). Also, notice that by the very definition of we have 

= ^i+m ' hence the hypothesis h w = yields E Q gs( s Q ,a+[i]) = 

0. 

Thus we are finally left with the task of showing that Z(C) > 1, where 
C Qj/ g is an S x § matrix of the form 

C a ^ = exp(io a l( / 3_ ct= i))-g(/3-a), where = 0,^9(7) = 1. 

a 7 

To this end, we introduce an interpolation matrix 

C a ,p{t) := exp(t • w a l^_ a=1) ) ' q(P ~ ")> 

defined for t € R, and notice that C(l) = C. Let us denote by r/(t) := Z(C(t)) 
the Perron-Frobenius eigenvalue of C{t). As the entries of C{t) are log- 
convex functions of t, it follows that rj(t) is also log-convex, therefore in 
particular, convex. Moreover, 7/(0) = 1 [the matrix C(0) is bistochastic] and 
using (A.l), one easily checks that 4fi](t)\t=o =0. Since, clearly, r/(t) > for 
all t E R, by convexity, it follows that, indeed, rj(t) > 1 for all t G R and the 
proof is complete. 
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